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2FIG. 1: Scheme of the system studied in the paper. The
small gap between the two spheres of the gravitational-waves
detector (inner radius a, external radius R) is measured by
an optomechanical sensor made of a high-nesse single-ended
cavity. The phase of the reected eld is sensitive to the
dierential displacement of the mirrors.
into account, showing a new eect of back-action noise
cancellation in the frequency domain between the two
modes. This cancellation results from a destructive inter-
ference between radiation pressure eects on both spheres
and leads to an increased sensitivity in between the two
resonances.
We then develop a simple approach to take into ac-
count all other mechanical modes of the spheres. This
method allows to estimate the mechanical transfer func-
tions in the intermediate frequency range between the
resonances and gives an upper bound for the estimate
error. As a result we determine the sensitivity of a dual-
sphere detector and show that a spectral strain sensitiv-




can be obtained over a wide
frequency range from 1 kHz to 3:5 kHz.
In Section II we present the basic principles of the
gravitational-waves detection by a dual system with a
transducer based on an optomechanical sensor. Section
III is devoted to the determination of noises, illustrated
in the case of a dual system with only two mechanical res-
onances. In section IV we derive the mechanical transfer
functions, taking into account all mechanical modes. Re-
sults for a Beryllium dual-sphere detector are presented
in Section V.
II. DUAL DETECTOR WITH
OPTOMECHANICAL SENSOR
The scheme of the dual-sphere detector is shown in
gure 1. Although the main results of the paper are valid
for any geometry of the dual system, we will consider
the case of two nested spheres with an inner radius a
and an external radius R. The gap between the two
bodies is taken small as compared to these radii. The
optomechanical sensor is based on a high-nesse single-
ended cavity, resonant with the incident laser beam. The
phase of the eld reected by the cavity is measured by
a homodyne detection.
As shown in [12, 13] the motion of one sphere (full
or hollow one) induces a global phase-shift on the light
proportional to the displacement bu of the mirror surface
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(r; t) is the normal component of the displacement at
point r and time t, and v
2
0
(r) is the transverse gaussian


















is the beam-spot size, identical for the two mir-
rors in the case of a symmetric cavity.





(t) between the internal
surface of the outer sphere (subscript o) and the surface
of the inner sphere (subscript i).
A gravitational wave induces a displacement which can
be written as a sum over all quadrupole modes fn,2g of
the spheres [14, 15]. As long as the beam-spot size is
small compared to the sphere radii, the spatial overlap
between these modes and the beam prole is independent
of n and of the spot size. The radial displacement of































are the coeÆcients in the orthogonal expansion
of the response function of the sphere, A
n2
(a) are the
radial functions at the surface position a (assumed to




] are the frequency dependences of the modes




and loss angle , assumed to



















To illustrate the relevant features of the detector re-
sponse we consider a dual-sphere made of Beryllium with
an inner radius a = 1:2 m and an outer radius R = 2
m. For these parameters the fundamental frequencies
are equal to 1161 Hz for the outer sphere and to 3075




(a) are equal to 1
for the hollow sphere and to 0:6 for the solid one. As a







for frequencies outside the two resonances and are out of
phase by  radians in the intermediate frequency domain
between the two gravitational-waves sensitive modes. For






j as a function of frequency,







Curves correspond to the response of the fundamental mode
of the inner sphere (a), of the fundamental mode of the outer
sphere (b), and of the two modes together (c).
these frequencies, eects of both modes are added to each







Figure 2 shows the displacements induced by a grav-







fundamental mode (curves a and b). Curve (c) is the
global response due to the two fundamental modes. The
response enhancement in the intermediate frequency do-
main is clearly visible, resulting in a at response between
the two fundamental resonances.
We have also determined the eect of higher modes
by a numerical computation of their mechanical charac-
teristics [14]. Taking into account modes with resonance
frequencies up to 30 kHz for the solid sphere and to 16
kHz for the hollow one, we obtain no signicant change
for the response in the frequency band between the two













) in the sum (4).
III. THERMAL AND QUANTUM NOISES
We now determine the classical and quantum noises
in the measurement made by the optomechanical sensor.
The phase of the eld reected by the cavity reproduces
the cavity length variations. For a lossless cavity at res-
onance, the uctuations Æq
out
[
] at frequency 
 for the





















are the phase quadrature uctuations of the
incident eld, F the cavity nesse,  the optical wave-
length and 
in
the mean incident eld, related to the
incident power P
in












We have neglected in eq. (6) the low-pass ltering due to
the cavity bandwidth. Even for a cavity nesse F = 10
6
and a gap between the two spheres of 1 cm, the cavity
bandwidth is larger than 7:5 kHz and has no signicant
eect at frequencies of interest. We also assume that
the incident beam is in a coherent state, so that phase
quadrature Æq
in
and intensity quadrature Æp
in
are uncor-









] = 1: (8)
The phase of the reected beam provides a measure-
ment of the displacements induced by a gravitational
wave, with additional noises related to the incident phase
uctuations and to displacement noises (eq. 6). The
main sources of displacement noise are the thermal uc-
tuations of spheres and the back action of the measure-
ment process due to the radiation pressure exerted by
the intracavity eld on both mirrors. All these noises are
uncorrelated and the spectral strain sensitivity is given
by equating the contribution of the gravitational-wave

















































are the displacement noise
spectra due to incident phase uctuations, thermal noise,
and back action, respectively.




is given by the equivalent displacement noise
corresponding in the measurement to the phase quadra-
ture uctuations Æq
in


















Thermal uctuations of the two spheres are uncorre-
lated and their contributions are added to each other in
the thermal noise spectrum S
th
uu
. For each sphere, the
displacement can be related to a Langevin force F
th
de-










] is a mechanical susceptibility characterizing
the response of the sphere to an external force. Since
it relies on the displacement bu averaged over the beam-
spot size, it depends on the spatial overlap with the light.
Using a modal expansion for the displacements of the
sphere,  [




























is the spatial overlap between the mechan-
ical mode u
n




























is the resonance frequency of the mode andM
n
its eective mass related to the total mass M and to the















The noise spectrum of the Langevin force F
th
is related





















is the Boltzmann constant and T the temper-
ature. From eqs. (11) and (15) one then gets the noise




























are the mechanical susceptibilities of the
outer and inner spheres, respectively.
Back-action eects are related to the radiation pressure
forces exerted by the intracavity eld on both mirrors.
Since the radiation pressure has the same spatial prole
as the intracavity intensity, it can be shown [13] that the
displacement bu
ba
of each sphere is related to the force














] = 2hkI [
] ; (18)
where I is the intracavity intensity normalized as a num-
ber of photons per second. Intensity uctuations can be
related to the amplitude quadrature of the incident eld























The radiation pressure forces exerted on the two mir-
rors are equal and opposite. The induced cavity-length
variation is therefore related to the radiation pressure






































We have thus determined the spectra of the three fun-
damental noises appearing in the measurement (eqs. 10,
FIG. 3: Displacement noises as a function of frequency,











, curve b). Only the two fundamental modes of the
spheres are taken into account.
16 and 21). They only depend on a few parameters.
The optical properties are accounted for via the cavity









the usual behavior that the shot noise is decreased for
a larger cavity nesse or a more intense light, whereas
the back-action noise is increased (eqs. 10 and 19). This
behavior leads to the Standard Quantum Limit [18, 19].





of the susceptibilities of the two spheres.
To understand the relevant features of the quantum




= 0), neglecting all mechanical modes ex-
cept the fundamental modes of the two spheres. The
sum in expression (12) of the mechanical susceptibilities
is then limited to the rst term n = 1, their frequency
dependence being the same as the response to a gravita-
tional wave (compare eqs. 5 and 13). In contrast to this
response, radiation pressure forces exerted on the two
mirrors are opposite and one gets a back-action noise can-
cellation in the intermediate frequency domain between





actually have opposite signs
in between the two resonances so that the eects of both





Figure 3 clearly shows this back-action cancellation,
resulting in an important noise reduction on the whole
frequency band between the two resonances (curve a).









is chosen in such a way
that back-action and shot noises are equal at low fre-
quency. The frequency for which exact cancellation oc-
curs depends on the eective masses of the fundamental
modes (eqs. 13 and 14) and can be tuned in the inter-
mediate frequency domain by changing the mechanical
characteristics of the spheres.
Since the contributions of both modes to the signal
are added to each other whereas the back-action noises
are subtracted, one can reach a very high sensitivity in
the intermediate frequency domain, as shown in gure 4.




as a function of frequency, for increasing incident intensities
(curves a to c). Curve d is the Standard Quantum Limit.
Only the two fundamental modes of the spheres are taken
into account.
Curve (b) is obtained for the same optical parameter as
gure 3 and exhibits a high sensitivity over a wide band-
width. The behavior of the spectral strain sensitivity
actually depends on the ratio between the shot and back-
action noises. For a 10-times smaller optical parameter
(curve a), shot noise is dominant and one recovers two
peaks at the fundamental resonances frequencies. For a
10-times larger optical parameter (curve c), the sensitiv-
ity follows the back-action noise behavior and reaches an
optimum value near the frequency for which back-action
is cancelled out.
Curve (d) in gure 4 shows the Standard Quantum
Limit which corresponds to the minimumreachable noise
for a coherent incident light. It is obtained by adjust-










such a way that shot and back-action noises are equal.
From eqs. (10), (19) and (21), the resulting minimum












As other noises, it depends on the mechanical character-
istics only via the sum of the susceptibilities of the two
spheres.
IV. MECHANICAL SUSCEPTIBILITY
To perform an accurate evaluation of the spectral
strain sensitivity of the detector, we need to calculate
the mechanical susceptibilities of the two spheres. For
this purpose we can use two dierent approaches, but
both are insuÆcient for our needs.
The rst one is the normalmodes expansion [13, 20, 21]
which can be used in principle in any case, if inhomo-
geneous losses are absent (it fails in presence of inho-
mogeneous losses since correlations arise between modes
[6, 10, 22]). This method consists in computing the sum





















This quantity of course converges towards the mechanical
susceptibility for a large number N of modes. It unfor-
tunately converges very slowly, and the computation of
the appropriate overlap integrals between the modes and
light proles, for higher and higher modes, is in practice
too demanding.
The second approach applies in a direct manner the
uctuations-dissipation theorem to estimate the thermal
noise, bypassing any normal mode expansion [23, 24, 25].
This global approach has been worked out in the limit of
very low frequencies, so the results can be only used well
below any resonance frequency of the system. It actually
gives the static susceptibility in the case where the size
of the sensor is small compared to the dimensions of the
system. For the dual sphere, assuming the beam-spot
size w
0
small compared to the spheres radii, the sphere
surface can be approximated by a half-innite plane and
one gets [26],
 [







where E and  are respectively the Young modulus and
the Poisson coeÆcient of the sphere.
We want to calculate the susceptibilities for frequencies
near or between resonance frequencies of the system so
that we cannot apply this global approach. We instead
consider a new method which simultaneously uses the
modal and global approaches. We write the mechanical
susceptibility in the form,
 [











The rst term is determined using the global approach






puted using the modal approach (eq. 23). We perform
the sum over a nite number N of modes such that
the resonance frequency 

N
is much larger than the fre-
quency 
 of interest.
The advantage of this approach is that the dierence
in eq. (25) converges more quickly than each term taken
































































ensures a rapid conver-





[0] as compared to
the one of 
(N)
[0].
6FIG. 5: Displacement noises as a function of frequency,











, curve b). Curve c shows the contribution of the
two fundamental modes to the back-action noise.
It is furthermore possible to determine an upper bound
for the error  made by computing eq. (26) up to a









































This upper limit shows that the computation is accurate
within 1 % if the sum is extended up to modes with
resonance frequencies 10 times larger than the frequency

 of interest.
The approach presented in this section can be used to
determine the thermal and back-action noises when one
motion sensor is used as read-out in any dual-resonator
system. It can also be extended to calculate the spa-
tial correlations between modes. This would be needed
to discuss the eects on thermal and back-action noises,
when using a multi-transducer read-out conguration.
V. SENSITIVITY OF A DUAL SPHERE
We apply the approach presented in previous section





a dual sphere. As previously we consider spheres made
of Beryllium with radii a = 1:2 m and R = 2 m. To
calculate the mechanical susceptibilities we take into ac-
count the contributions of 120 modes for the solid sphere
(resonance frequencies up to 30 kHz) and of 80 modes for
the hollow one (up to 16 kHz) [14].
Figure 5 shows the shot and back-action noises ob-
tained by a numerical calculation of eq. (25). Optical pa-
rameters are as follows: wavelength  = 1 , beam-spot
size on the mirrors w
0
= 1 cm, cavity nesse F = 10
6
,
and incident power P
in
= 45 mW. These parameters are
FIG. 6: Displacement noises as a function of frequency,











, curve b), in the same conditions as in gure 5.
such that the back-action noise (curve a) and the shot
noise (curve b) are equal at low frequency.
Curve (c) in gure 5 shows the noise obtained when
only the two fundamental modes of the spheres are con-
sidered, for the same optical parameters. Taking into
account higher modes then drastically increases the back-
action noise, by two orders of magnitude. The resulting
spectrum is almost at in frequency and equal to the
value obtained at zero frequency by considering only the
static susceptibility  [0] (eq. 24). The presence of res-
onant modes in the frequency band of interest leads to
narrow peaks in the noise spectrum. They correspond
to the two fundamental modes but also to other modes
which are not sensitive to gravitational waves. Back-
action cancellation is responsible for narrow dips after
each resonance, at frequency where the mechanical re-
sponse of the resonant mode compensates the response
of all other modes.
Figure 6 shows the thermal noise obtained for a qual-




) and a temperature
T = 0:1 K. All modes of the dual sphere are thermally
excited and responsible for the presence of peaks in the
spectrum. For the chosen parameters the background
thermal noise between two resonances will have no sig-
nicant eect since it is smaller than the shot noise (curve
b in gure 6).
Curve (a) of gure 7 shows the resulting spectral strain
sensitivity obtained from eq. (9) by computing the re-
sponse to a gravitational wave as explained in section II.
Except for narrow peaks due to the resonant behavior
of thermal and back-action noises, one gets a quantum-




at the resonance frequencies of the two fundamen-




over a wide frequency range, from 1 kHz to 3:5 kHz.
The frequency dependence of the sensitivity is how-
ever very dierent from the one obtained in a two-modes
analysis (gure 4). This clearly shows that a two-modes
or even a few-modes analyses are not satisfactory to de-
scribe the mechanical behavior of the spheres. Taking




as a function of fre-
quency for the same parameters as in gures 5 and 6 (curve
a). Curves b and c correspond to a beam-spot size of 10 cm
and 0:1 cm, instead of 1 cm. Narrow peaks of these curves
have been removed for convenience.
into account all the modes leads to a larger mechanical
response to radiation pressure uctuations. As compared
to gure 4 or to previous results [1] one gets sharper dips
around the fundamental resonance frequencies and a less
at sensitivity between the two resonances.
Except near mechanical resonances, the response to
quantum uctuations is very similar to the static re-
sponse given by the mechanical susceptibility  [0]. As
shown in eq. (24) a crucial parameter is then the beam-
spot size w
0
on the mirrors. Curves (b) and (c) in gure
7 show the sensitivity for a beam-spot size of 10 cm and
0:1 cm, respectively. In both cases the optical parame-
ters are adjusted to stay at the standard quantum limit
at low frequency. Curve (b) corresponds to an incident
power P
in
= 450 mW and curve (c) to 4:5 mW. It clearly
appears that increasing the beam-spot size by a factor 10
leads to wider dips at the fundamental resonance frequen-
cies and to a gain of sensitivity between the resonances
by a factor
p
10, as expected from the expression of the
standard quantum limit (eqs. 22 and 24).
VI. CONCLUSION
We have determined the sensitivity of a dual-sphere
detector taking into account the thermal, shot and back-
action noises. Neglecting all modes except the two fun-
damental ones, we obtained a very high sensitivity in
the intermediate frequency domain between the two res-
onances, associated with a cancellation of back-action
noise.
Using a new method mixing global and modal ap-
proaches, we have calculated the mechanical response of
the dual-sphere. The features of the spectral strain sen-
sitivity then look very dierent from the idealized two-
modes model, resulting in sharper dips around the fun-
damental resonances and a less at sensitivity between
the two resonances.
An important parameter is the beam-spot size w
0
on
the mirrors of the optomechanical sensor. Increasing w
0
reduces the inuence of high-frequency modes, result-
ing in a better spectral strain sensitivity. A challenge is
thus to design short Fabry-Perot cavities with large beam
waists. One may envision to use a variant of conventional
Fabry-Perot with large eective waists [27]. Another pos-
sibility is to use non-resonant capacitive and inductive
transducers at their quantum limits, which intrinsically
have large sensor area. Finally one may try to imple-
ment a geometrically selective read-out, as proposed for
dual-cylinders [3] to reduce the inuence of non-sensitive
modes.
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